Abstract-In this paper, we introduce elements of probabilistic model that is suitable for modeling of learning algorithms in biologically plausible artificial neural networks framework. Model is based on two of the main concepts in quantum physics -a density matrix and the Born rule. As an example, we will show that proposed probabilistic interpretation is suitable for modeling of on-line learning algorithms for PSA, which are preferably realized by a parallel hardware based on very simple computational units. analyze the proposed probabilistic model in the artificial neural network framework. In other words, we are looking for suitable probabilistic interpretation of on-line learning algorithms for PSA, which are preferably realized by a parallel hardware based on very simple computational units. First, we give a probabilistic interpretation of the Modulated Hebb-Oja learning method. Later, we show how the proposed method can be generalized in order to obtain a number of PSA algorithms. At the end, we present some experimental results to illustrate the usefulness of the proposed probabilistic PSA model.
rincipal subspace analysis (PSA) and principal component analysis (PCA) (e.g. [23] ) are the well established techniques for dimensionality reduction, and chapters on the subject may be found in numerous texts on multivariate data analysis. Examples of its many applications include data compression, image processing, visualization, exploratory data analysis, pattern recognition, and time series prediction.
In literature, usually, we can find that definitions of PSA and PCA are not given separately. Here, we will give two most frequently cited definitions, and then we will give a short discussion:
PCA can be defined as the orthogonal projection of the data onto a lower dimensional linear space, known as the principal subspace, such that the variance of the projected data is maximized (Hotteling, 1933 [15] ).
In the context of neural networks, this definition leads to the Subspace Learning Algorithm (SLA) [30] and its derivatives.
Equivalently, it can be defined as the linear projection that minimizes the average projection cost, defined as the mean square distance between the data points and their projections (Pearson, 1901 [31] ).
P In the context of neural networks, this definition represents the starting point of the Modulated
Hebb-Oja algorithm [18] and its derivatives.
Here we will point out two things:
l In both cases definitions of PSA but not PCA are presented. Although PSA and PCA are similar techniques, they should be considered as different. First of all, the solution of PCA is represented by a discrete set (any permutation of eigenvectors of the input covariance matrix), while the solution of PSA is represented by a continuous set. Another important difference is that the input data covariance matrix is diagonal only in the coordinate system which is defined by eigenvectors themselves, but not in any other rotated system. Also, if the data belongs to the low-dimensional subspace of the input space, it will have a sparse representation if the PCA is applied, while this, generally, will not be achieved if the PSA is applied. Here, it has to be stressed that this can be achieved only if the input data is unimodal. If the input data is multimodal, then PCA will not result in sparse representation either.
l In the second definition, we used a term equivalently -here, we want to stress out that definitions are equivalent form the mathematical point of view. However, from the realization point of view, these two definitions are quite different (see [18] ). The first one requires a big number of global calculation circuits, while the second one requires only one or two global calculation circuits. 5 PSA also has another convenient interpretation that is perhaps less well known. It is the probabilistic interpretation given in [34] . Although it is called probabilistic PCA, it represents probabilistic PSA model.
In order to achieve different objectives, it is further generalized in [3] , [7] , [10] , [12] or [35] . All these models are based on some distribution of latent variable model, so they can be used also in the case when we have problem of missing data. One of the most powerful algorithms for iterative PSA calculation is EM type algorithm proposed in [34, 35] . The EM algorithm can be modified in such a way as to yield principal components, sorted in descending order of the corresponding eigenvalues, directly [1] , or PCA method. This model can be linked to probabilistic coupled generative model [1] . Proposed models resulted in great number of useful applications in the context of clustering, density modeling, outlier detection etc.
Common characteristic of all mentioned probabilistic models is that they are useful for generation of off-line algorithms (they require storage of all data or their covariance matrix). So, they usually require powerful hardware for their realization. In the case that we need tracking of slow changes of correlations in the input data or in updating eigenvectors with new samples these algorithms are computationally expensive. Also, they rely on the assumption that input data is sampled from some distribution (Gaussian, exponential family, t-distribution, or similar) or their mixtures. So, it is not clear how these probabilistic models can be used in the context of artificial neural networks (or on-line learning algorithms) for PSA/PCA calculation, and/or, could they be realized on a very simple computational structures like linear neural networks are.
In this paper, we will proposed a sort of "quantum" probabilistic PSA model which relies on a very small number of assumptions and that is suitable, as we are going to see, for modeling the on-line type learning algorithms for calculation of PSA/PCA. We will illustrate the usefulness of the proposed concept (model) in the context of algorithm convergence speed, learning factor choice, or input signal scale robustness.
Why are we still interested in standard linear neural networks approach? Artificial neurons and neural networks have been shown to perform PCA when gradient ascent (descent) learning rules are used, which is related to the constrained maximization (minimization) of some objective functions [4, 9, 18, 29] . Due to their low complexity, such algorithms and their implementation in neural networks are potentially useful for the tracking of slow changes of correlations in the input data or in updating eigenvectors with new samples. They, also, could be successfully implemented on platforms like graphics processing unit (GPU). Furthermore, this kind of networks can be used for calculations of PCA and PSA for the higher dimensional systems than those solutions that require the storage of the whole covariance matrix. Another reason is that neural networks approach based on biologically plausible learning rules are still useful for the research in which the goal is to make computational models that emulate some of the brain circuitry.
In recent years, many Principal Subspace Analysis (PSA) algorithms have been proposed and studied in literature [4, 8, 13, 16, 18, 29] . Some of these PSA algorithms were modified in order to derive parallel PCA algorithms. Usually, the modification was performed by introduction of some asymmetry (inhomogenity) or nonlinearity in the original PSA algorithm that is not considered desirable from the point of view of the implementation of those algorithms in parallel hardware. Rare examples of a fully homogeneous algorithm are the bigradient algorithm proposed in [26] , and the time-oriented hierarchical method (TOHM), proposed in [16, 19] . For a comprehensive review of the known parallel, as well as sequential PCA algorithms, see e.g. [9] .
Recently, in [18] , a new biologically inspired PSA method, named Modulated Hebb-Oja (MHO) learning rule, has been introduced. Major objectives for the method derivation were:
-to obtain a network which has a learning rule for individual synaptic efficacy that requires the least possible amount of explicit information about the other synaptic efficacies, especially those related to other neurons (in other words the locality of the calculation was considered very important); -to minimize the neural hardware that is necessary for implementation of the proposed learning rule.
Especially, the global calculation "neural circuitry" should be very simple, and the number of global calculation circuits should be as small as possible.
In this paper, we will give a probabilistic view of the PSA problem, starting with a probabilistic model of MHO learning algorithm. The probabilistic view is based on a new geometric interpretation of probability based on the Born rule [38] . Also, we will shortly introduce recently proposed probabilistic PCA model. In the case of on-line implementation, we will use constraint optimization on two time scales, as is done in the TOHM method, for instance. From the aspect of artificial neural networks, the choice of different realization concepts has a direct impact on the algorithm's convergence speed, preciseness, complexity of plausible hardware realization or biological plausibility. In an off-line context, probabilistic PCA can be seen as a successive optimization problem. In Section II, the Born rule will be introduced.
Geometric interpretation of the Born rule will be given in Section III. The Born rule in the artificial neural networks framework is introduced in Section IV. In section V we introduce of new probabilistic PSA. In that section we will see what is the connection between the Born rule and the Hebbian learning rule.
Experimental results are presented in Section VI. Section VII gives the conclusion remarks.
II. QUANTUM PROBABILITY MODEL AND BORN RULE
In this section, we give a short introduction of the quantum probability model and the Born rule, based on a similar section in [38] . A slightly different approach can be found in [37] . In quantum mechanics, the transition from a deterministic description to a probabilistic one is done using a simple rule, termed the Born rule.
In quantum mechanics, the Born rule is usually taken as one of the axioms. However, this rule has well established foundations. Gleason's theorem [14] states that the Born rule is the only consistent probability distribution for a Hilbert space structure. Wooters [39] has shown that by using the Born rule as a probability rule, the natural Euclidean metrics on a Hilbert space coincides with a natural notion of a statistical distance. A short review for some other justifications of the Born rule can be seen in [38] . Since ρ is self adjoint, its eigenvectors Φ i are orthonormal, and since it is positive semidefinite, its eigenvalues p i are real and nonnegative p i ≥ 0. The trace of a matrix is equal to the sum of its eigenvalues,
T is interpreted as "the system is in state Φ i with probability p i ". A measurement M with an outcome z in some set Z is represented by a collection of positive definite matrices {m z } zÎZ such that å zÎZ m z = 1(1 is being the identity matrix in H). Applying measurement M to state ρ produces the outcome z with probability 
So, we can see that, if the state is ρ, the probability of the outcome of the measurement will be a, which is actually defined by the cosine square of the angle between vectors a and Ψ, or p a (ρ)=cos 2 (a,Ψ).
III. JOYSTICK PROBABILITY SELECTOR
In this section, we will give one novel, but simple interpretation of the probability that is related to the Born rule. Here, we will assume that we are dealing with a finite dimensional discrete variable.
For the moment, let's assume that we are dealing with a discrete two dimensional variable. We can associate it with a coin tossing. Assume further that two possible outcomes of our experiment are represented by the dummy variables {01} and {10}. If we represent our coin as a unit norm vector in the two dimensional space (we will call that vector JoyStick Probability Selector or JSPS), then we can have the following simple geometric interpretation given in Fig. 1 .
Fig 1. JoyStick Probability Selector
Now, we will suggest that the probability of the outcome {01} is equal to the cosine square of angle α 1 , while the probability of outcome {10} is equal to the cosine square of angle α 2 . It is not difficult to see that cos 2 (α 1 ) + cos 2 (α 2 ) = 1. We can see that the probability of the particular outcome of the experiment (in this case the coin toss) is equal to the inner product of the unit norm JSPS and the unit norm vector which represents that outcome. Then, we can see that this coincides with the Born rule interpretation for the case of a pure state and the von Neuman measurement system. When the state (JSPS) vector collapses to one of the states, it is not possible to give information of the other state, which is consistent with some quantum mechanics results.
can be represented as Fig. 2 . Now, we have the three possible outcomes of the experiment that are represented by dummy variables {001}, {010} and {100}. Again, we have the JSPS vector which represents the status of our variable before we perform the measurement. Again, the probability of the outcome is given by the cosine square of the angle between JSPS and the particular outcome vector.
Fig. 2 A 3-D example
It is not difficult to check that This way of reasoning can be extended to any finite dimension D. It can be extended, under some assumptions, to infinite dimensional cases (see e.g. [24] and [25] ), but it will not be discussed here in detail.
From JSPS interpretation of the Born rule, we can see that every vector in finite dimensional Hilbert space represents a discrete distribution which is defined by unit norm vector in the same direction. Also, any discrete probability distribution can be represented as a vector in a Hilbert space of proper dimension.
The norm of the vector can be interpreted in several ways (we will not discuss it here in details). An interpretation, that is going to be used in the text that follows, is that norm of the vector is related to the probability of the appearance of that vector.
IV. BORN RULE IN NEURAL NETWORK CONTEXT
In this section, we will give some explanations and definitions that will be used in the following sections.
It will be explained here, how some probabilistic concepts can be used in a neural network framework, or how neural networks can be used in a probabilistic framework that is basically based on the Born rule. 14 The basic single layer feedforward artificial neural network is depicted in Fig. 3 . The output of the n-th output unit y n (n=1, 2,¼, N) of a layer of parallel linear artificial neurons is given as ( ) ( ) ( ),
with x(i) denoting a K-dimensional zero-mean input vector of the network and w n (i) denoting a weight vector of the n-th output unit, and i represents sampling instances iT, where T is a sampling period. The output vector y is defined as ( ) ( ) ( ). In the usual interpretation, based on specific requirements, e.g. minimization of some cost function, matrix W is changed (trained) in the process of learning, according to some adopted learning rule.
Here we will give a slightly different interpretation. Again, we will consider a Hilbert space H of a finite dimension. "State vectors" are defined by the input data vector x k and we can imagine that every vector x k is available in a big enough number of copies (clones), so we can perform as many simultaneous measurements as we want. A measurement M with an outcome w n in some set W is represented by a collection of positive definite matrices {m wn } wnÎW such that m wn =w n w n T , so å wnÎW =WW T , which is not necessarily equal to the identity matrix on H. This means that the sum of the probabilities of the particular outcomes does not have to be equal to one -in other words, sometimes we will work with improper discrete distributions. Also, measures like entropy and divergence will be applied to improper probability distributions, or to a mixture of proper and improper probability distributions. In the following sections, we will point out that in the adopted framework, this will not affect the final result. Applying measurement M to state x k produces outcome w n with the probability (the Born rule)
regardless of the norm of the vectors w n and x k . In the following text, we will consider only vectors w n that have unit norms. This means
Also, if we apply N simultaneous measurements M N to the state x k we obtain outcome W with the
Here, it is assumed that the outcome of each measurement is different. We define the joint probability of the state x k and outcome W obtained by simultaneous multiple measurement M N on state
Now, without loss of generality, let's assume that we are dealing with a random variable x that takes realizations from a set of observed K-dimensional zero-mean data vectors {x k }, k Î{1, …, N sample }, which are sampled from some distribution in time instants t = kT where k is already defined and T represents the sampling period. Then, we can define p(x=x k | t=kT) as
where N sample represents the overall number of samples that are going to be analyzed. It is interesting to note that the only thing that we can conclude about the p(x k ) is that it is proportional to ||x k || 2 . The sum in the denominator represents the energy of samples that are going to be analyzed -we actually do not know the value of that sum in any, but the final moment. However, we know that it represents some constant. We can easily see that the adopted probability measure fulfils the two conditions that are required for the probability function f(z) (in our case p(z)) to be considered as a modified generalized probability measure [37] :
In this definition, orthonormallity is not explicitly required in order that the coefficients f(z i ) sum up to one.
However, from the JSPS introduction, we can see that it is always implicitly present. Also, we know from the definition of density operator, which represents a mixture of the pure states (see Section II), that the trace of the density matrix has to be 1. Here, we will consider all vectors as "oriented energies" or
where the norm of the vector ||x k ||, represents the square root of the energy contained in the vector x k , and the orientation represents some unit norm vector xn k , which represents some pure state. In that case, we can see that the statistical description of our system is represented by the density matrix
as a statistical mixture of pure states xn k , and p k =p(x k ) are defined by (7) . We can see that
where C is input signal covariance matrix. Obviously, the matrix ρ and the matrix C have the same eigenvectors. In some sense, proposed approach to input sample probability modeling, is similar to the Dirichlet process model, which is usually used to model a stream of symbols where the vocabulary of symbols is not limited [27] . In the Dirichlet process case, we have one parameter α which is constant. In our case, it is not constant but it is defined by the energy of the new incoming symbol (sample). Also, in our case every incoming symbol is treated as a new one -so, initially we do not consider that the same samples in different moments are the same (e.g. we can make analogy to spin of a particle 
where δ represents the Kronecker δ function.
In the proposed context, the learning algorithm applied to the neural network has a basic task to find the measurement system in which input data is "best explained", or have the features that are specified. As an example, principal component analysis will search for the measurement (or we can say coordinate) system in which the input data covariance matrix is diagonal. Or, using the quantum mechanics terms, we are trying to find projective measurement which does not increase the von Neumann entropy of our density matrix [28] . In that case, data that belongs to some low dimensional subspace have sparse representation.
V. PROBABILISTIC PSA Now, we will give a new definition of probabilistic PSA (having in mind the definitions given in the previous section):
Definition 1: PSA can be defined as a problem of minimization of some symmetric divergence/distance between the probability distribution of the input signal p(x) and the joint probability distribution p(W, x) of the input signal x and the outcome W, obtained by the simultaneous multiple measurement M N on state (input signal) x.
In the next subsection we are going to explain one possible solution of the PSA problem, starting from Definition 1 and adopting a particular symmetric divergence measure.
A. Probabilistic PSA
Without loss of generality, let's assume that we are dealing with a set of observed K-dimensional zero-mean data vectors {x i }, i Î {1, …, N sample } which are sampled from some distribution in time instants t = iT, where i is already defined and T represents the sampling period. We will denote w 1 , w 2 , …, w N the unit norm column vectors of matrix W (N≤K). Now, we are going to define probabilistic PSA. In order to do that, we are going to define the symmetric distance, which we will call quadratic variational divergence
where E represents the empirical expectation operator, and W is a matrix whose columns have unit norms.
This formulation represents only a class of algorithms that do not require the explicit orthonormality of matrix W. Explicit orthonormality is sometimes not a desirable constraint, e.g. in biologically plausible neural networks, since the explicit orthonormality usually requires global computation. Matrix W with unit norm columns can be obtained by local calculations.
We can see that (9) can be written as , (10) Now, we define the probabilistic PSA as a constrained minimization problem
under the constraint that W consists of a unit norm columns. So, we are looking for W which minimizes divergence D qV . As it is shown later, the solution will be obtained for matrix W=W JS1 , which represents the where y k is defined by (5) . Also, from (9) and (10) we can see that ( ) ( ) . , and
In the following text, we will use this fact, so we can make equations simpler. It was shown in [18] that the minimization of function JS1m by a gradient descent method (in the single layer neural network framework) will yield the principal subspace of the input covariance matrix. In [18] that algorithm was named the MH(O) algorithm and can be represented by the following learning rule (δ represents the Kronecker δ function):
We can use some other symmetric divergence/distance measures and create different types of algorithms. For instance we can use symmetric f-divergences. F-divergences were introduced by Csiszar [11] and Ali and Silvey [2] . Also, some other divergences/distances (or their linear combination) can be used. Some examples are given in the following Table I. Table I Name Equation 
under the constraint that W is orthonormal matrix. In that case the PSA problem is very similar to the clustering problem (see e.g. [21] , [38] ). This approach was analyzed in [22] . The Subspace Learning Algorithm (SLA) [30] , can be seen as a particular realization of that approach. based on gradient minimization/maximization of the function which contains terms p(w n |x k ) will result in the learning rule which contains the Hebbian learning rule part.
B. Probabilistic PCA
In this section, we are going to give a definition of the probabilistic PCA that can be used for creation of symmetric PCA algorithms. There is also another possibility to create asymmetric algorithms as done in [20] . We can see that the proposed probabilistic definition of PCA, probabilistic PSA represents an integral part and it directly influences the characteristics of probabilistic PCA realizations, like algorithm convergence speed, locality of calculations, preciseness and so on. This probabilistic approach to PCA was recently proposed and analyzed in [22] . Here we will make only a brief review.
Theorem: (Projective measurement cannot decrease entropy [28])
entropy of the state ρ' = å k P k ρ P k of the system after the measurement is at least as great as the original entropy,
S(ρ') ≥ S(ρ)
with equality if the ρ = ρ' (which s only the case when projections matrices are defined by eigenvectors of ρ). Let's assume that the matrix W=W JS1 is an orthonormal matrix and that it spans the principal subspace.
Von Neumann entropy is defined as: S(ρ)
Then, we are going to analyze the following cost function
where S represents the "principal subspace" entropy (see the next paragraph). For instance, we can chose the Shannon entropy S=S S , (although we chose some other definition of entropy, like the Tsallis [36] entropy, or their linear combination) so our cost function is expressed as Now, the probabilistic PCA can be defined as the following constrained minimization problem
under constraint that W JS1 is orthonormal and spans the principal subspace of matrix C. It can be shown that the solution of this optimization problem will be W JS1 = UP, where, as before, U consists of K principal eigenvectors u i as columns, where u i represent principal eigenvectors of the covariance matrix C = E(xx
and P is a permutation matrix. The proof is straightforward, and it is based on the Section III and the fact that projective measurement can increase but never decrease von Neumann entropy of a mixture state (see section 11.3 in [28] , particularly, the equations (11.57) and (11.66)).
We will have to emphasize that, strictly speaking, equation (14) is correct only in the case N=K, since in the case N < K, å n p(w n JS1 , x k ) < 1. In other words, in the case N < K, p(w n JS1 , x k ) does not represent a proper probability function since it is not normalized. In the case N < K, we will define the term "principal subspace" entropy, S
PS
. Here, we will analyze only the Shannon entropy case, but something similar can be done for the Tsallis or other types of entropy. We define 
28 From (19) , it can be seen that the minimization of S S (W JS1 ) is equivalent to the minimization of S SP (W JS1 ), so equation (14) can be formally used even in the cases when N<K, since V represents the constant value that is controlled by the PSA part of the algorithm.
In the context of artificial neural network realization, usually we can use every sample only oncewhich means that we cannot use the successive optimization technique. The solution proposed here is based on a cooperative-competitive concept that is called the time oriented hierarchical method (TOHM).
In this approach, two time scales are proposed (it can be easily modified for the case of multiple-time scales). The idea of multiple time scales is used in physics for simulation purposes [6, 32] , and, also, in the superstatistics area [5] .
In TOHM, on a faster time-scale, we calculate parameters of global interest (principal subspace), while on the slower time scale, we calculate parameters that are of local interest (principal eigenvectors).
Concrete realization is based on the Lagrangian multiplier idea -a solution that should be obtained on the faster time scale is used as a constraint on the slower time-scale. This can be formally represented as the minimization of the following cost function
where μ is a real number, which is by absolute value smaller than one (since the JS2 should be realized on a slower time-scale). Here, the Lagrangian multiplier does not multiply the constraint part, but the 29 objective one. It does not affect the solution since it represents the weight ratio of the different parts of the learning rule.
Several algorithms that perform PCA, and that are based on the TOHM method, are proposed in literature [16] , [17] , [19] and [20] . Without going into the details, in all those approaches the PCA algorithms are obtained from some known PSA algorithms together with the minimization of the Tsallis entropy, S T (q ≈ 1). The value of μ was selected in all algorithms independently, after the stability analysis for every particular choice of JS1 and JS2.
We will also mention here that with the probabilistic definition given here, PCA can be used in a semi-supervised context, and can be successfully formulated for implementation on parallel computers. This is currently under investigation.
VI. EXPERIMENTAL RESULTS
In this section, we will present some results that illustrate the usefulness of the proposed concept. We are going to present some small scale experimental results that illustrate how the choice of the divergence/distance function influences the convergence speed and preciseness of the algorithm. Then, we will show some experimental results for scale robust PSA algorithm, based on BACH divergence. In the last part of this section, we are going to propose the BACH algorithm that represents modification of the single principal component analyzer, proposed by Oja [29] .
A. Small scale simulation results
Now, we will present some small scale simulation results. Here, we will analyze the behavior of several PSA learning algorithms implemented in the feedforward, linear, single layer neural networks with four inputs (K=4). We will consider two cases: first, we will consider the network with four outputs and after that we will consider the network with two outputs (N={2,4}). We will assume that input samples are representatives of some set Ω ={x 1 , x 2 , …}, and probability distributions P and Q are defined on Ω, as P ={p(x) | x Î Ω} and Q ={q(x) | x Î Ω}. Let's assume that p * and q * are defined as:
where y k =y(k) is defined by equation (5).
We will consider several divergence/distance functions that were given in the Table I, and respective learning algorithms obtained by the gradient descent method presented in Table II.   Table II Divergence/ Distance name (Algorithm abbreviation)
In Table II In the first set of experiments, we will adopt N=4. That means that the number of inputs and outputs is the same. This case is useful, for instance, when the PCA algorithm is used in the prewhitening step of some ICA algorithm (see e.g. [9] ), or for matrix orthonormalization. The input signal in the i-th iteration (x(i)) is defined by the following equation (we use standard MATLAB notation) The learning rates γ were constant and chosen to achieve almost maximal convergence speed (learning rates were chosen experimentally -they were gradually increased until the learning algorithms became unstable, and then, the learning rate was reduced to 85% of the value that caused instability). After 12000 iterations, the learning rate was decreased 16 times. In the case of algorithm A1, γ=lf*8*0.6, in the case A2 From the experiments, we can conclude that the SLA algorithm has smoother behavior and better preciseness than all other presented algorithms. However, we can notice that this algorithm is sensitive to the level of input energy, since the convergence speed and preciseness of the algorithm are affected significantly with the change of the input energy level. It seems that algorithms A3-A5 are more robust in that sense. Algorithm A1 is interesting, since its behavior is different from all other algorithmspreciseness is improved with the decrease of the input energy level, while convergence speed is not severely reduced. In the papers that follow, we will show how we can modify algorithm A1 to obtain scaling robust learning algorithm, and achieve good preciseness. It also can be noticed that reduction of the learning rate, after some time, improves the preciseness and stability for all algorithms.
input signal is defined as in the previous set. Initial learning rates for all algorithms are decreased 8 times. From this set of experiments, we can conclude, again, that the SLA algorithm is the most precise for the same convergence speed, but its convergence speed is significantly affected by the decrease of the learning rate. We can see that the convergence speed of algorithms A1, A2 and A5 is much less affected by the change of the learning rate, comparing to the SLA algorithm. However, they are less precise. On the other side, algorithms A1-A5 are much more suitable for realization in parallel hardware, since they require only 2 global calculation circuits, irrespectively of the number of output neurons.
It seems that with careful choice of the divergence/distance function we can achieve very similar convergence speed and preciseness as in the case of the SLA algorithm, and at the same time, still, have local implementation of the learning rule.
B. BACH divergence based scale robust PSA learning algorithm
Now, we are going to introduce the BACH divergence as
where b is a positive real number (in this section we are going to assume that b is smaller than 1). We can see that the Hellinger distance represents special case where b=0.5. Here, we assume b=0.025. Then, analyzing neural network in the set-up that is explained in subsection A.a), we will obtain the result depicted in Fig. 16 (after implementation of gradient descent). We can clearly see that speed and preciseness of the algorithm are almost not affected at all, despite the change of the energy in the input signal in the ratio 1 to 1/25. This could be seen as a good characteristic of the proposed algorithm, comparing it, for instance, to SLA algorithm. dimension is 100 (Fig. 17) and 1000 ( Fig. 18) , while the output dimension is 4. The proposed algorithm, despite low memory requirements and small number of the global calculation circuits, is useful in the high dimensional input case. 
C. BACH learning algorithm for single principal component extraction
In this section, we will propose a new algorithm for extraction of the principal component. We will call it the BACH algorithm. It is based on minimization of the BACH divergence. For illustration, we will assume that we have 16-dimensional input signal x sampled from uniform distribution. Our learning rule is given as We can see that it represents modification of the famous Oja's learning rule [29] , which is, as we are going to see from the illustration example, robust to change of the input signal energy level, which significantly simplifies selection of the learning rate. In the Fig. 19 , we can see behavior of the BACH (solid line) and Oja's algorithm for the "nominal" energy level. We can see that both algorithms behave similarly. However, if we decrease the input energy 100 times, and keeps learning rates unchanged, we can see (Fig. 20) that convergence speed of the BACH algorithm is only slightly affected by input signal energy change, while Oja's algorithm becomes very slow.
Although it is not going to be presented here, it can be said that BACH algorithm will not be significantly affected, even in the case when the input energy is decreased by a several order of magnitudes (e.g. billion times). In this paper, we proposed a probabilistic principal subspace analysis (starting from MHO algorithm), as well as brief introduction of probabilistic principal component analysis, both based on the Born rule. Here we only considered derivation of symmetric algorithms. A new simple geometrical representation of the Born rule, named JoyStick Probability Selector was presented, too. Proposed probabilistic PCA can be solved off-line as a successive optimization problem. In on-line implementation, the problem is solved by the introduction of two distinct time-scales. By, selecting different divergence/distance functions, it is possible to create a big number of PSA algorithms. In that way, it is possible to create algorithms that could be potentially optimal from the point of view of convergence speed, preciseness, complexity of hardware implementation, locality of calculations etc. By selection of different PSA algorithms and different entropy functions, it is possible to create an even bigger number of algorithms that can be used for PCA, and that have some specific features. With this, probabilistic definition, PCA can be used in semi-supervised context and can be successfully implemented in parallel computation machines. This is currently under investigation.
From the presented experimental results, we can see that it is possible to create the "optimal" divergence/distance function, which can result in good algorithm characteristics (e.g. convergence speed, preciseness, scaling robustness) and still have a realization which has only two (or less) global calculation circuits. Like illustration, we presented input signal scale robust principal subspace algorithm, and BACH algorithm. A small number of global calculation circuits is a very useful characteristic of the proposed algorithms for successful implementation in parallel hardware, or for simple implementation on GPU platforms.
The proposed approach can be easily modified to give the definition of the probabilistic minor subspace analysis (MSA) and the minor component analysis (MCA).
It is possible to show that a similar way of reasoning can lead to a new probabilistic definition of the independent component analysis (ICA). By doing this, it is possible to give different interpretations of some existing ICA solutions and to propose new ones. One possible way to do it has been proposed recently in [33] .
